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RIGIDITY OF FLAT SURFACES UNDER THE BOUNDARY 

MEASURE 

KLAUS DANKWART 



Abstract. Consider a closed marked fiat surface S of genus g > 2 and area 1 
j^ ■ and its universal covering S. We sfiow that the measure class of the Hausdorff 

measure of the Gromov boundary of S uniquely determines S. 



1. Introduction 



For a fixed closed topological surface X of genus 5 > 2 a marked surface {S, f) 
is an isotopy class of homeomorphisms f : X -^ S. If S* is endowed with a length 
r^ ' metric the marked length spectrum of (S, f) is then the length /(a) for all free 

t^ . homotopy class of closed curves a on X . Suppose (5*,/) and (T,g) are marked 

Riemannian surfaces of variable negative curvature. |Ota90| and |Cro90] indepen- 
dently showed that f o g^^ is isotopic to an isometry if and only if the marked 
length spectra of {S, /) and (T, g) are equal. 

By the work of |Ham92j f o g~^ is isotopic to an isometry if and only if the push 
forward of the Bowen Margulis measure on T^S is in the measure class of the 
^^ . Bowen Margulis measure on T^T. Denote by G{S) :— dS x dS — A the set of 

t;^ I ordered pairs of distinct boundary points of the ideal boundary of the universal 

04 ' covering tt : 5 — >■ 5. A locally finite Borel measure on T^S that is invariant under 

^f^ I the geodesic flow is naturally one to one with a current i.e. a locally finite Borel 

f^ . measure on G{S) that is invariant under the group of Deck-transformations. So, 

O^ ' the statement can be naturally phrased in terms of geodesic currents. 

In this note we investigate in which way these results translate to marked flat sur- 
faces i.e marked surfaces which are endowed with a locally Cat(O), singular flat 
metric which comes from a half-translation structure, see Section 12.31 for details. 
Flat surfaces are central in the study of the Teichmiiller space of conformal struc- 
C^ . tures, see i.e. |Abi80| IHM79] . Define the equivalence relation on the set of all 

marked flat surfaces {S, f) ~ (T, g) ii go f~^ is isotopic to an isometry. The Teich- 
muller space of flat surfaces T{X) is then the set of equivalence classes of marked 
flat surfaces. T{X) was already studied, see i.e [SW08irVee97j . 
In a more general setting |Tro07[ ITro06| ITro86| studied the deformation space of 
singular cone metrics. 

[DLRlOi Theorem 2] showed the analogon to Otals and Crokes theorem that the 
marked length spectrum uniquely determines a point in Teichmiiller space. 
We are interested in which way Hamenstadts result translates to the Teichmiiller space 
of flat surfaces. Since the flat metric is not smooth we consider measures on the 
ideal boundary of the universal covering it : X -^ X . 
A point [S, f) G T{X) lifts to an isotopy class of homeomorphisms of the universal 
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2 KLAUS DANKWART 

coverings f : X -^ S that are invariant under the group of Deck transforma- 
tions. As S endowed with the hfted flat metric is a geodesic Gromov (5-hyperbohc 
space, there exists a family of Gromov metrics dp ^o, p G S on the ideal boundary 
dS ~ S^ and so a family of positive finite Hausdorff measures or Patterson-Sullivan 
measures fig in same measure class /ig . Observe that for any two marked flat 

surfaces {S, /), {T,g) each representative in the isotopy class g o f^^ : S ^- T is a 
quasi-isometry which extends to a homeomorphism between the visual boundaries 
g o f-^ : dS -^ df 

Theorem 1.1. Two points {S, f), {T, g) G T{X) determine, up to resettling, the 
same point in the Teiehmilller spaee of flat surfaces if and only if the push- forward 
of the measure class (<? o /^^)*M5 equals fif. 

The idea is the following. Recall that the marked length spectrum uniquely de- 
termines a point in the Teichmiiller space of flat surfaces. Suppose that (S, /), {T,g) 
are marked flat surfaces of volume entropy one that the push-forward of the mea- 
sure class {g o f~'^)*p.g equals p,f. Assume that there is a free homotopy class a in 
5" whose length is smaller than of its image under the marking change. 
Fix a representative h in the isotopy class go f^^ that is invariant under the group 
of Deck transformations and fix a base point p € S in the universal covering of S. 
Following |Danlla| , one can remove a zero set of boundary points A C dS so that 
the set of all rays emanating from p which converges to dS — A is oi the following 
structure. 

• It is a tree whose vertices is the set of singularities and the base point p. 
At each vertex there are countably many edges attached. 

• Let c be a, possibly self intersecting, geodesic segment on the base sur- 
face S that connects singularities. Then each ray in the described tree on 
the universal covering contains infinitely often a lift of c as a subgeodesic 
segment. 

It is well-known that for each multiple a" of a there is a geodesic representative of 
the form as c. 

We make use of the following statement. Suppose that there is a parametrized 
geodesic ray r on S* starting at p with the following properties. 

1) r is contained in the above tree. 

2) The length difference for each subgeodesic segment of r under h is bounded, 
namely |d(r(s),r(t)) - d(/i(r(s)), /i(r(i)))| < C,Vs,t>0 . 

Then the length of the free homotopy class a on (5', /) is not shorter than on (T, g). 
The proof is as follows. Denote by a" the free homotopy class of a multiple of a. 
Let c be a subgeodesic segment of r that is a lift of a geodesic representative of 
a". Observe that the length of c is the length of a". The minimal length in the 
homotopy class with fixed endpoints of the image of c under the marking change 
h gives a lower bound of the length of the image of the free homotopy a" under 
the marking change. So the length of a" in S is bounded from below by the length 
of the image of a" under the marking change minus the constant C of the second 
condition. But since the length of a multiple a" is n times the length of a this 
leads to the statement. 

So, to show the Theorem we have to find a geodesic ray with the properties described 
above. One shows that the following condition is equivalent to the second condition: 
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Condition 2*: The ray r satisfies \d{p,r{t)) — d{h{p),h{r{t)))\ < C for all t larger 

than some some threshold to. 

The set of boundary points A is of measure zero. So it suffices to show that the set 

of boundary points to which converge a ray that satisfies Condition 2* are of full 

measure. 

This can be done by using shadows of balls of fixed radius with respect to the base 

point p. Observe first that similarly to [Danlla] one can show that 

• The ^g-measure of a shadow of a ball with center x equals, up to a multi- 
plicative constant, exp{—d{p,x)). 

• The /z-f-measure of the image of the shadow under h equals exp{~d{h{p), h{x)) 
up to a multiplicative constant. 

In both cases one makes use of the fact that the volume entropy of S and T is one. 
For a ray r consider the shadows of open balls of fixed radius which are centered 
on the ray at some point r(t). So, if for some to > and for all t > to the quotient 
of the measure of the shadow centered at r{t) for p^ and h^^fif is bounded by a 
constant Ci(r) > then the rays satisfies condition 2*. 

But, by the Lebesgue Differentiation Theorem this condition is satisfied for all rays 
that converge to boundary points outside a zero set as the set of shadows forms a 
Vitali covering, compare Definition 12.11 

The paper is organized as follows. In Section [2] we recall some abstract facts in 
metric measure theory. Then we state the main results about (5-hyperbolic spaces 
and flat surfaces needed later on. In Section [3] we show a technical result which, 
together with the previous material, shows the main theorem. 
Acknowledgement This question was raised by Mrs. Hamenstadt. I am very 
grateful for her patience, her support and many helpful discussions. 

2. Preliminaries about Gromov hyperbolic spaces and flat surfaces 

2.1. Some metric measure theory. We recall some standard facts about metric 

measure theory and refer to |Fed69| . 

Suppose {X,d) is a proper metric space. For a subset U, the diameter diam{U) 

is then the supremum of distance of points in U . We recall the definition of the 

Hausdorff measure and Hausdorff dimension. 

Let a > be some number. For any subset U of X, p'^{U) is then the infimum 

of ^ diam{UiY for all countable coverings Ui, « S N of C/, so that diam{Ui) < e. 

The Hausdorff measure of dimension a > is then /i" :~ lim //° which might be 

constant zero or locally infinite. 

The Hausdorjf dimension of (X, d) is then the infimum of all a so that p°'{X) = 0. 

If the Hausdorff dimension is finite, the Hausdorff measure fi is then the Hausdorff 

measure whose dimension is the Hausdorff dimension. 

Next we recall the notion of doubling measures and Vitali coverings. Vitali coverings 

can also be defined more generally. That special definition is consistent to the 

general one, compare |Fed69[ Theorem 2.8.17] where the function S is here defined 

as the diameter. 

Denote by B{x, r) a metric ball of radius r and and center x. A locally finite Borel 

measure v on (A, d) is doubling if there is a constant C > so that 

iy{B{x,2r)) < Cv{B{x,r)) Vx, r. 
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Definition 2.1. A collection V of closed subsets of metric space {X,d) with a 
doubling measure j/ is a Vitali covering if: 

• There is a constant Cy > so that each U E V is contained in a metric 
ball B with viU) > Cvv{B) 

• For each x E X there is a sequence of neighborhoods C/^ e V, i G N of a: so 
that diam{Ui) tends to zero. 

Suppose / : X — > M is a measurable function. A point a; € X is a Lebesgue point 
with respect to V and / if and only if for each sequence of neighborhoods Ui E V 
of X with lim diam[Ui) = it follows that 

^™ ~TiT\ / fdv^ f{x). 

The main application for Vitali sets is the Lebesgue differentiation Theorem, com- 
pare jFedGQI Theorem 2.9.8] 

Theorem 2.1. The set of Lebesgue points in X is of full measure. 

2.2. Gromov hyperbolic spaces and their boundary. We recall the standard 

facts about proper ^-hyperbolic spaces, compare |BH99| Chapter III]. 

Convention: Any metric space is assumed to be complete, proper and geodesic. 

Every geodesic segment can be extended to a geodesic line. 

A metric space S is d-hyperbolic if every geodesic triangle in S with sides a, b, c is 

S-slim: The side a is contained in the (5-neighborhood of & U c. 

A L-quasi-isometry is a mapping g : S ^- T so that the distance of each point in S 

to g{T) is uniformly bounded and so that 

{1 + L)df{x,y) + L > dg{g{x),giy)) > (1 + L)-^df{x,y) - L, \^x,y. 

A L- quasi- geodesic is a mapping g of a line segment / to S* so that 

{1 + L)\s - t\ + L > d{g{s), g{t)) > (1 + L)"^|s - i| - L, Vs,i. 

5 admits a boundary which is defined as follows. Fix a point p E S and for two 
pointsx,y £ 5 we define the Gromov product {x,y)p :— ^(d{x,p) + d{y,p)~d{x,y)). 
We call a sequence Xi admissible if {xi,Xj)p — > oo. We define two admissible 
sequences Xi,yi C 5' to be equivalent if {xi,yi)p — ?> oo. Since S is hyperbolic, this 
defines an equivalence relation. The boundary dS of S is then the set of equivalence 
classes. 

The Gromov product on the boundary is then 

{'nX)p = sup{liminf(a;j,yj)p | {xj S 77, {yj} 6 C} 

Proposition 2.1. Let S be a d-hyperbolic space and let dint be the infimum of all 
Gromov hyperbolic constants. Moreover, let ^ be defined by 2(5inf • log(f) — log(2). 
There is a constant e < 1 so that for any p £ S there is a metric dp^oo on dS which 
satisfies: 

r^"''^^''>rfp,oo(r?,C)>(l-e)r''''^''' 

dp^oo is a Gromov metric and {dS, dp, 00) the Gromov boundary. A quasi-isometry 
between Gromov (5-hyperbolic spaces extends to a homeomorphism between the 
Gromov boundaries. Any bi-infinite L-quasi-geodesic converges to two distinct 
boundary points, and between any two distinct boundary points there is a connect- 
ing bi-infinite geodesic. 
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Lemma 2.1. There is a function H{L, d) > such that for any S-hyperbolic space 
S and for any two L- quasi- geodesies c, c' in S with the same endpoints in S U dS 
the H {L , S) -neighborhood of c contains c' . 

Proof This follows from |BH991 III 1.7] and JCP931 I Proposition 3.2] D 

Notation: If 5 is a 5-hyperbolic Cat(O) space denote by [x,y]g, x,y £ S U dS, 
a parametrized geodesic segment connecting x with y. If the space S is clear from 
the context we abbreviate [x, y] :— [x, y]g. For x € S, y € S U dS, [x, y] is unique 
up to reparametrization. 
For a base point p € S and U C S the boundary shadow sh g{U) C dS is the 

set of all points rj £ dS such that at least one geodesic ray [p, rj\ connecting p 
and 77 intersects U . Again if the corresponding space is clear from the context we 
abbreviate shp{U) :— sh §{U). shp{U) is Borel in dS if and only if U is Borel. 
In a (5-hyperbolic space S we need to estimate the size of shadows of balls. Recall 
that by construction of the Gromov metric (ip,oo(f?, C) is comparable to ^~(^-'0p ^ 

Proposition 2.2. For each r > there is a constant Cshif) > so that the 
following holds. For a pair of distinct points p,x Cz S extend the geodesic segment 
[p,x] to a geodesic ray with endpoint rj. Then the shadow shp{B(x,r)) is contained 
in the boundary ball of dp^oo-radius Csh{r)£,~^^''^' centered at rj. 

Proof. Define first Csh{r) :— S,^ . For a point C £ shp{B{x,r)) fix the parametrized 
geodesic ray [p, C] that connects p with (. Observe first that the Gromov product 
is increasing along geodesic rays i.e. for si < S2, ti < t2 it follows 

As [p,C] intersects B{x,r) at some point y, 

iv, Op > (x, y)p > l/2{d{p, x) + {d{p, x) ~r) -r) = d{p, x) - r. 
So 

D 

Lemma 2.2. Let f : S ^ T be an L- quasi- is ometry between 6-hyperbolic spaces. 
For H{S, L) as in Lemma \2.1\ and for r > {H{d, L) + L)(l + L) define 

r, := r/{l + L)-H{5,L)-L>Q 

rb := {l + L)r + L + H{5,L) 
Then one concludes that 

s^fj{p)iB{f{x),rs)) C f{shg^^{B{x,r))) C shfj^j^^{B{f{x),rb)) 
for all points p,x € S . 

Proof. We only show s/i J, tfp){B{f{x),rs)) C f{shg{B{x,r))) the other inequality 
is analogous. 

Since / maps dS on dT homeomorphically each point in shf t, JB{f{x),rs)) can 
be represented as /(C)- We have to show that d{[pX]s,x) < r. Since f{[p,C]s) i^ 
a L-quasi-geodesic, [/(p), /(C)]'f i^ contained in H{5, L)-neighborhood of f{[p, C\g). 
Therefore /([p, C]s) intersects a ball with center f{x) and T-radius r^ + H{L, 5) in 
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a point f{y)- As (1 + L)^^d{x,y) — L < d{f{x), f{y)) < Ts + H{6,L) we conclude 
that d{x, y) <{l + L){rs + H{6, L) + L) = r. D 

For r a group of isometries acting properly discontinuously, freely and cocom- 
pactly on S, the HausdorfF measure fip of the Gromov metric dp^oo on dS can be 
computed by using the theory Patterson-Sullivan measures, see |Sul791 Section 1- 
3], |Coo931 Section 4-8]: Fix a F-invariant non-zero Radon- measure £ on S . The 
volume entropy is defined as 

e[b,i ) :— hmsup . 

Convention: By entropy we mean volume entropy. Here S is the isometric univer- 
sal covering of S' = S/T, so we abbreviate e{S) := e{S, F). We always assume that 
the group F acts properly discontinuously, freely and cocompactly by isometries on 
S. 

Theorem 2.2. Let S be a S-hyperbolic Cat{0)-space and let p € S be a base point. 
Denote by fip the Hausdorjf measure of the Gromov boundary with respect dp oo 

i) fip is a finite measure supported on dS . 
ii) For the constant ^ as in Proposition \2.1\ the Hausdorff dimension d equals 

eiS)/\og{0 
Hi) Denote by d again the Hausdorff dimension. Then there is a constant C > 
0, so that the measure p,p of a each boundary ball B{r],r) of dp^^o-radius r 
can be estimated by: C~^r'^ < fip{B{ri,r)) < Cr'^ 

Proof We refer to |Coo93| . D 

2.3. Geometry of flat surfaces. We introduce the geometry of closed flat surfaces 
and refer to |Min92j . [Str84| . 

Convention: Any closed surface is assumed to be of genus g > 2. 
A half-translation structure S on a closed topological surface AT is a choice of charts 
such that, away from a finite set of points S, the transition functions are half- 
translations i.e. they are of the form z i— > ±z -I- c. The pull-back of the flat metric 
in each chart gives a metric on A — S. We require that the metric on S* — S extends 
to a singular cone Cat(0)-metric on S. Then S* is a flat surface. 

Proposition 2.3. In any homotopy class of arcs with fixed endpoints on a closed 
flat .surface there exists a unique local geodesic representative which is length-minimizing. 
In any free homotopy class of closed curves there is a length-minimizing locally ge- 
odesic representative which passes through .singularities. 

Proof. In both cases, the existence of a length minimizing representative follows 
from a standard Arzela-Ascoli argument. 

The uniqueness of geodesic arcs follows from the absence of geodesic bigons in 
Cat(0)-spaces. 

Suppose a is a length minimizing closed curve that is disjoint from singularities. 
The half-translation structure on 5* — E preserves direction. So, a does not change 
direction and is therefore simple. It sweeps out an isometrically embedded fiat cylin- 
der. Choose this embedding to be maximal. The boundary contains singularities 
and a can be homotoped to a boundary component without changing length. D 
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Consider the isometric universal covering tt : S* — > 5 with F the group of deck 
transformations. By the Svarc- Milnor Lemma, any two F-invariant length metrics 
are quasi-isometric and therefore S is Gromov (5-hyperbolic. 

To study geodesic rays in S, recall that /ip, p G S is the Hausdorff measure on the 
Gromov boundary dS. We need to estimate the size of shadows of metric balls. 
Denote by S the set of singularities on S. 

Proposition 2.4. There is some C{r) so that for each p G S, the jip-measure 

of a shadow shp{B{x,r)) of a ball of radius r > supd(a:, S) centered at x can he 

xes 
estimated by: 

C{ry^ exp{~d{p,x)) < fj,p{shp{B{x,r))) < C{r)exp{~d{p,x)) 

Proof. By Proposition 12.21 and Theorem 12.21 there is some Ci(r) > so that 

fj.p{shp{B{x,r)) < Ci(r)exp(-d(p, x)). 

To show the lower bound observe that B{x,r) contains a singularity c^. By [Danlla] 
there is a constant C2 so that 

C^^exp{-{d{p,x)+r)) < C^^ exp{~d{p,<,)) < fip{shp{<;)) 

Define C :— niax{Ci(r), C2 exp(r)} D 

Corollary 2.1. Fix a point p on the universal covering tt : S* — )■ 5 of a flat surface 
S . Then the Hausdorff measure fip on dS is doubling with respect to the Gromov 

metric dp^oa- Forfixedr > sup (i(x,S5) the collection of shadows {shp{B{x,r)), x G 

xes 

S', r > 0} forms a Vitali covering. 



Proof. The fact that /ip is doubling follows from Theorem 12.21 One concludes 
from Proposition 12.21 and Proposition 12.41 that the set of shadows forms a Vitali 
covering. D 

Finally we reformalize a statement from jDanlla] in a weaker form. On a flat 
surface S of volume entropy one fix a geodesic segment c that starts and ends at 
singularities. In the later context, c is a multiple of a closed geodesic that passes 
through singularities. Fix a base point p on the universal covering ir : S ^ S. 
Denote by Ac the set of boundary points to which tends a geodesic ray emanating 
from p which contains at most finitely many lifts of c as a subgeodesic segment. 
Denote by A the union of Ac for all such geodesic segments c. 

Proposition 2.5. A is a zero set in with respect to the measure class fig 

Proof. Since S contains only finitely many singularities there are only countably 
many geodesic segments c on 5' that connect singularities. So it suffices to show, 
that Ac is a zero set for each such geodesic segment c. Moreover we can assume 
that Ac is the set of boundary points to which tends a lift of a ray which never 
passes through c. 
We first cite the main known results. 

i) It was shown in |Danlla[ Proposition 4.7] that the set of boundary points 

r] so that [p, 77] passes through only finitely many singularities is of measure 

zero, 
ii) By |Danllb( Proposition 3.2] there are constants Ci,b > 0, so that each 

geodesic segment from p to a singularity <; can be extended to a geodesic 
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segment of length less than d{p, <j) + Ci which ends at a singularity (,', passes 
through b singularities and contains a lift of c. 
iii) It was shown in [Danllai Proposition 4.7] that there is a constant Cs > 
that the fip measure of a shadow of a singularity ^ equals exp{~d{p, <;)) up 
to the multiplicative constant Cg- 

For n G N define I]„ the set of all singularities <; so that [p, <^] passes trough n 

singularities but does not pass through a lift of c. 

Define ^k ■ '^n+k — >■ 5]„ , so that $fc(<^) is the n-th singularity in [p,'^]. Also define 

^ : S]„ — > Sn+b , so that ^(<;) is the endpoint of the extended geodesic segment as 

in ii) that contains a lift of c. 

By i) the shadow of E„ covers Ac up to measure zero. For each singularity ^„ S Sn 

one concludes, that the shadow of $^ {<;n) form a subset of the shadow of (^„ whose 

complement contains the shadow of *(<^„). By ii) the distance of <^„ and '^{<in) is 

at most Ci . By using the estimate of iii) there is a constant A < 1 so that 

^J,p{shp{c;n)) - ^p(s/ip(*(<r))) < A/ip(s/ip(<r„)) 

So the measure of the shadow of Sn+6 is at most A times the measure of the shadow 
of !]„■ Therefore letting n tend to infinity the measure of s/ip(I]„) tends to zero 
and so Ac is a zero set. D 

3. Teichmuller space of flat surfaces and the proof of the main 

Theorem 

|DLR10|, Theorem 2] showed that the marked length spectrum uniquely deter- 
mines a point in the Teichmiiller space of fiat surfaces of area one. The following 
slight generalization is word by word as the original proof. 

Theorem 3.1. Two marked flat surfaces (S, f),{T, g) of finite area determine the 
same point in Teichmiiller space of flat surfaces, if and only if the marked length 
spectrum of (S, f) equals the marked length spectrum of (T, g) . 

Suppose that S, T are flat surfaces of volume entropy one and suppose that 
f : S ^ T is a, L-quasi-isometry between the universal coverings. Fix a base point 

pes. 

Proposition 3.1. Let f : S ^f T be an L-quasi-isometry so that /^g „ is in the 
measure class of f~^fj,f r, y Then for almost all points rj G dS there is a constant 
C := C(77, h)>Q that 



Proof. Define the Radon Nikodym derivative h :— *, '^J(p)J ^^^ denote by V 



4f' Vt./(p)) 

the Vitali set of shadows of balls on dS with respect to the base point f{p). It will 
be shown that each Lebesgue point rj £ dS for h, V with < h{ri) < oo has this 
property. Choose some Ci := Ci{ri) that Cf ^ < h{ri) < Ci. As / is an L-quasi- 
isometry and and 5, T are J-hyperbolic, one can choose r, r^ > r^ > as in Lemma 
so that 

r > sup(d(x, S), Ts > sup((i(a:, S). 
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We define first the shadows of balls which are centered on the rays. 

Ufjt) := sh^f{B{f{[p,r^]{t)),n)) 
Note that by construction they nested in the following sense. 

Ufjt) c .nusit}) c Uf,{t) 

Observe that the measure of Uf ^{t) and the measure of Uf ^(i) differ at most by a 
multiplicative factor C2. 

r; is a Lebesguc point and the set of shadows forms a Vitali covering. If t is larger 
than some threshold to, the fig -measure of the shadow Ug{t) along the ray [p, rj] 
and the fif j./ s-measurc of its image differ at most by the factor C'l as the quotient 



l^sjUsit)) fJ^sA^sit)) l^sjUsit)) 

converges to h{ri) when t tends to infinity. 

So, observe that the fig -measure of Us{t) and fLf „{UT.s{t)) differ at most by the 

multiplicative factor C2C1 for all t > tg. 

Suppose first that s — 0, t > to and define y :— [p,rf](t). 

Recall that the /i g measure of shadows ball of fixed radius decrease exponentially 

in their distance to the base point p up to a factor C3 . Up to enlarging C3 the same 

holds for shadows of balls in T. So 

Cg^^ex:p{-dg{p,y)) < fig^piUsit)) < C3ex:p{-{dg{p,y)) 

C3-1 exp{-df(f{p),f{y))) < fif^piUfM < C3 exp{-df{f{p),f{y))) 

One concludes that the distances df{f{p),f{'y)) and dg{p,y) differ at most by an 
additive constant C4. 

If we skip the restriction that t > to recall that / is an i-quasi-isometry. So, for 
C5 :— max{(l + L)to + L, C4} and y :— [p, Tf]{t) one concludes 

\dfifip),.fiy))-dgip,y)\<C5. 

For < s < t denote by x := [p, 77] (s), y := [p, rf]{t). 

As f{[p, y]g) is an L-quasi-geodesic, /(x) is in the H{L, 5)-neighborhood of [f {p) , f {y)]f ■ 
So the length of the concatenated geodesies segments [f{p),f{x)] and [f{x),f{y)] 
and the distance of f{p) and f{y) differ at most by 2H{L, S). So d{f{x), f{y)) and 
d{f{p),f{y)) — d{f{p),f{x)) differ at most by the additive constant 2H{L,S). 
Additionally d{x,y) is precisely d{p,y) —d{p,x). As (i(/(p), /(*)) and d{p,*), * = 
x,y differ at most by an additive error C5 the claim is shown for C :— 2(C5 + 

H{s,L)). a 

Proposition 3.2. Suppose f : S ^>- T is a homeomorphism between flat surfaces 
of volume entropy one and define f : S ^ T the lift to the universal coverings. 
If the measure classes f~^fiT and fis of the Hausdorff measures on dS,dT are equal 
then the length of each free homotopy class of closed curves a on S satisfies 

ls{a) = hifia)). 
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Proof. Assume on the contrary that up to exchanging the roles of S and T 

ls{a)<lT{f{a))-e 

for some e > and for some free homotopy class a. Fix a base point p on S. By 
Proposition 12.51 there is a Lebesgue point rj € dS as in Proposition 13.11 so that 
the projection of [p, ry]^ to S passes through all geodesic segments that connect 
singularities. Define C as in Proposition 13.11 and fix some multiple a" of a so 
that n > C/e. Denote by c a geodesic representative of the free homotopy class 
of a" that passes through singularities. Fix a lift c of c with singularities <;i, <;2 as 
endpoints that is a subgeodesic segment of [p, r]]g. Observe that (ig(<^i, 1^2) = nls{a). 
On the other hand the projection of the geodesic segment [/(ft), /(<?2)]f is in the 
free homotopy class of /(a") so (if (/(ft), /(<?2)) is at least nlT[f{a)) > nls{a) + C. 
This contradicts the fact that df (/(ft), /(c:2)) and (ij(ft,<^2) differ less than C. D 



Proof of Theorem \l.l\ Let [S, /), (T, g) S T{X) be points in the Teichmiillcr space 
of flat surfaces so that the push forward of the measure class /ig under a lift of an 
representative in <; o /^^ equals /if. Scale S, T to volume entropy one. Then by 
Proposition l3.2l the marked length spectra of {S, /), (T, g) are equal up to a positive 
scalar. By Theorem 13. II the scaled marked flat surface {S, /), {T,g) determine the 
same point in T{X). D 
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